Abstract: A dynamic system with memory is a system for which knowledge of the equations of motion, together with the state at a given time instant t 0 is insufficient to predict the evolution of the state at time instants tϾt 0 . To calculate the response of systems with memory starting from an initial time instant t 0 , complete knowledge of the history of the system for tϽt 0 is needed. This is because the state vector does not contain all the information necessary to fully characterize the state of the system, i.e., the state vector of the system is not complete. In this paper, a state space formulation of viscoelastic systems with memory is proposed, which overcomes the concept of memory by enlarging the state vector with a number of internal variables that bear the information about the previous history of the system. The number of these additional internal variables is in some cases finite, in other cases, it would need to be infinite, and an approximated model has to be used with a finite number of internal variables. First a state space representation of the generalized Maxwell model is shown, then a new state space model is presented in which the relaxation function is approximated with Laguerre polynomials. The accuracy of the two models is shown through numerical examples.
Introduction
Dynamic systems exist for which knowledge of the governing equations of motion together with the state at a given time instant t 0 is insufficient to calculate the evolution of the state at time instants tϾt 0 . These systems are usually termed systems with memory, and to calculate their response starting from a initial time instant t 0 one has to have complete knowledge of the history of the system for tϽt 0 . This means that the considered state of the system is not complete, i.e., not fully descriptive of the condition of the system at a given time.
The constitutive law of a mechanical system with memory is expressed in the general form
where r(t)ϭreaction force and x(t)ϭstrain. Among systems with memory are viscoelastic systems, for which the functional
K͓•͔ is continuous with respect to x(t).
In addition, if K͓•͔ is linear, Eq. ͑1͒ represents the most general form of the constitutive law for linear viscoelastic ͑LVE͒ systems ͑Lockett 1972͒. In some cases ͑e.g., for the generalized Maxwell model͒ the state vector of a LVE system with memory can be enlarged through the addition of a finite number of internal state variables, bringing to a state space representation, in which at any time instant t the previous history of the system is ''remembered'' through the values of the additional internal variables ͑AIVs͒ at time t. In other cases, a finite number of AIVs is insufficient to keep trace of the previous history of the system, as the complete state would need to be infinite dimensional. However, it seems reasonable to think that the introduction of a finite number of AIVs would allow approximating the system with memory through a finite degree of freedom system.
In the last decades, a number of energy dissipating devices have been used for the vibration control and isolation of structures and machinery, whose dynamic behavior is well approximated by a LVE model. In particular, LVE devices have been effectively used, as isolators and/or dampers, for the reduction of the earthquake and wind induced vibration of civil structures ͑Kelly 1997; Soong and Dargush 1997͒. Together with the implementations, research effort was devoted to the analytical modeling of the LVE behavior.
Different mathematical models are available in the literature for the description of LVE systems with memory. Koh and Kelly ͑1990͒ used fractional derivatives to describe the dynamic behavior of elastomeric bearings. More recently, Makris, Dargush, and Constantinou ͑1995͒ have generalized this approach using complex order derivatives to model a dissipating device containing polybutane fluid. Inaudi and Kelly ͑1995͒ used the Hilbert transform for a time domain representation of linear hysteretic damping. A variant to the model by Inaudi and Kelly was presented by Makris ͑1997͒, that respects the causality constraint. 
